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Set Operations 
 

 
 
 

 
 

(1) A B  is equivalent to x A or x B  . 

(2) A B  is equivalent to x A and x B  . 

(3) \A B  is equivalent to x A and x B  . 

(4) 
Cx A  is equivalent to x A . 

 
Useful facts (the first two are called De Morgan’s Laws):  

(1) ( )C C CA B A B    

(2) ( )C C CA B A B    

(3) ( )C CA A  

 
Equality of Sets 
 
To prove that two sets are equal, we must show that each is the subset of the 

other. That is, for sets A  and B  to show that A B  you must show that A B  

and B A .  

 
The common strategy is to expand set operations ‘from the outside in’, then 
rearranging them as needed to make them fit the other side. It often helps to 
expand both sets to gain a better understanding of how to bridge the gap. 
 

Example.  Prove that ( \ ) \ ( ) C CA B B C A B C    . 
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Solutions. 

To prove this, we must show ( \ ) \ ( ) C CA B B C A B C     and 

( \ ) \ ( )C CA B C A B B C    .  

 

We will show ( \ ) \ ( ) C CA B B C A B C     first. We start with

( \ ) \ ( )x A B B C   and want to end up with 
C Cx A B C   . We want 

to break down our statement starting with the outermost layer, the set minus. 

Breaking it down we get: ( \ ) ( )x A B and x B C   . On the left part we 

apply the same rule, on the right side when we distribute the we change the 
union (or) into an intersection (and):  
 

x A and x B and x B and x C    . Showing the  as complements we 

have 
C Cx A and x B and x C   , then showing the ‘and’s as intersections 

we get 
C Cx A B C    as we wanted. 

 

Now we must show ( \ ) \ ( )C CA B C A B B C    . Similar to the 

previous part we start with 
C Cx A B C    and want to end up with 

( \ ) \ ( )x A B B C  .  

 

From 
C Cx A B C    we turn the intersections into and’s:  

C Cx A and x B and x C    and thus 
 
xÎA and xÏB and xÏC . 

This looks like what we had above, so we expand: 

x A and x B and x B and x C     

 
xÎA and xÏB( ) and xÏB and xÏC( ) 

  
x ÎA \ B( ) and x ÎBC and x ÎCC( )  

  
x ÎA \ B( ) and x ÎBC ÇCC( ) 
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Use formula (1) from the Useful facts above 

     
x ÎA \ B( ) and x Î(B ÈC)C( ) 

       
xÎA \ B( ) and xÏ(BÈC)( )  

    ( \ ) \ ( )x A B B C        

 

Example.  Prove that ( ) ( ) ( )A B C A B A C      . 

 
Solution. 
Again, in order to prove two sets are equal we must prove they are subsets of one 
another.  

We will do ( ) ( ) ( )A B C A B A C       first. Start by letting 

( )x A B C   . We break up the statement at the intersection and then at 

the union: 

( )
x A and x B C
x A and x B or x C
  
  

 

 
Here we come across an ‘or’, which we can handle in cases. 
 
Case 1: x B  

Then our statement becomes x A and x B  , which is x A B  . 

 
Case 2: x C  

Similarly, then our statement becomes x A and x C  , which is x A C  . 

 

By our cases we can see that we have x A B or x A C    , which we can 

turn into a union: ( ) ( )x A B A C    . Thus, we’ve shown 

( ) ( ) ( )A B C A B A C      . 
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Now we show the other direction, ( ) ( ) ( )A B A C A B C      . Begin 

by letting ( ) ( )x A B A C    , then break up the union: 

x A B or x A C    . Since we have an ‘or’, we continue using cases. 

 
 
Case 1: x A B   

We can break this up at the intersection, giving x A and x B  . 

 
Case 2: x A C   

Similarly, we break up the intersection into x A and x C  . 

 
In both cases we have x A , this must be true. In Case 1 we have x B  and in 

Case 2 we have x C , thus, we have x B or x C  . Placing these two 

together, we have ( )x A and x B or x C   . Turn the ‘and’ into 

intersection and ‘or’ into union and we have ( )x A B C   .  

 

Therefore, we’ve shown ( ) ( ) ( )A B A C A B C      . Since we 

showed both inclusions, we have ( ) ( ) ( )A B C A B A C      .     

  


