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L'Hb6pital’s Rule

Suppose that T and @ are differentiable and §'(X) # 0 on an open interval that
contains a (except possibly at &) and

lim f(x)=1limg(x)=0

_|_
or > eg. lim—-—= ) Oorﬁ

X—a O i
lim f (x) = limg(x) = oo g(x) 00

f(x) R .. f'(x) _ . o _
then, lim———== |Im— provided that the limit on the right side exists (or is an
x—a g(x) x-a (X)

indeterminate form, or is positive infinity, or negative infinity).

When applying L’Hépital’s Rule, always try to get the function in the fraction form — or

0
o0

7 Indeterminate Forms
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Case 1. — or —
o0
. tanx =X
Example.  Evaluate lim———.
x—0 X
Solution.
. tanx—=x"H .. sec’x-1
lim—— = = lim ="~
Xx—0 X Xx—0 3)(
H  2sec’xtanx .. sec’xtanx
=lim =lim—
Xx—0 6)( x—0 3)(
" i (2sec xsec x tan x) tan x + (sec” x)sec x
N x—0 3
B +1 B 1
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Case 2. 00 — Q0

Rewrite the function as one fraction (for instance, compute the common

00
denominator) so that it is in the form — or —, and then apply L'Hopital’s

00
Rule.
: 1 1
Example. Evaluate lim| — ———|.
x->r'\Inx x-1
Solution.
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11 . x-l-Inx",. 1T
lim— - —— =lim————=lim
- Inx  x—1 1" (x=1)Inx Hl+|nx+(x—1)l
X
Xx—1
: X : x-1
= lim =lim
-t XINX+X=1 x5 xInx+ Xx =1
X
H 1
= IM—=—
- Inx+1+1 2

Case 3. 00-0
Rewrite the function by taking the reciprocal of one of the terms (recall,
B
= ——); thus, not changing the function, so that

from algebra, AB = % A
o0

0
it is in the form — or —, and then apply L’'Hopital’'s Rule.
o0

Example. Evaluate lim x%Inx.
x—0*

Solution.
1

Inx .. Inx*H .
—=lim—-=lim X3
2 350t 2%

lim x?Inx = lim

x—0* x—0* i x—>0" X
X2
1
X 1\ x*)
=lim-A-=1lim| —|| —
x—>0*;2 x—>0 X/ \ =2
X
2
—X
=lim——=0
x—0" 2
1°, 0°, or o0°

Case 4.
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Step 1. Take the natural logarithm of the function and use the

logarithmic rule IN(A®) = BIn(A).

00
Bring the resulting function into the form — or —, and then
00
apply L’'Hépital’'s Rule.
Step 2. Apply the inverse property eln(x) = X on the result of Step 1.

: 5
Example.  Evaluate lim|1+—] .

X—00 X

Solution. Step 1.
: 5Y)
y=lim (1+ —
X—>00 X

Note that in the first step below the limit and the logarithmic function
are exchanged.

Iny =lim In(1+ 32) = Iimxln(1+£2j

X—0 X X—0 X
1 3
5 c (—10x )
In 1+X2 "o 1 2z
=i =In——
X NG
= lim 10 —Iim—0 = 10
X—>00 _X—>oo 5_X—>oo 2
x(1+52j +— X740
X X X
H
_gim—2X Zim 2
x>0 X° 4+ 5 x—0 2 X
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Iny=0
eIny:eO
y=1

Thus, Hn1[14—£%) =1

X—>0 X
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