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Substitution Rule

If U= g(X) is a differentiable function whose range is an interval | andif f is

continuous on 1, then [ f(g(x))g'(x)dx = [ f (u)du.

Note that the assumptions guarantee that the integrands on both sides of this equality
are continuous functions.

TIP: Substitute terms that are:

. raised to a high power
'[(3x2 +2X)0C+x2)3dx  tet u=x*+x?

J under a root
J4x3\5/x4 —~1ldx letu=x"-1
. in the power of the exponential

Iex3+x(3x2 +1)dx letu=Xx’+Xx

. within the trigopnometric function
JSXZ sin(x®)dx et u= x>

o within the logarithmic function
J'—3(4x3 —x)In(=3x* +x})dx  lett=-3x"*+x°
2
Example.  Integrate IB(SZ +1)e*" * dz.

Solution.  Let U= 4z +2. Then, du = (82 +1)dz.

1

@creatiue This work is licensed under the Creative Commons Attribution NonCommercial-ShareAlike 4.0
COMMONS |nternational License. To view a copy of this license, visit http:/lcreativecommons. ora/licenses/by-nc-sald.0.




j3(82 +1)e* 7 dz = j3e“ du :3j e"du

—3'+C=3e""4+C

X
Example. Integrate I—dX.
P ’ V1-4x?

Solution. Let U=1—4X>. Then, du = —8xdx, but rewrite it as

—Edu = xdx
8
X _E 1 _1
———dx=[x(1-4x*) 2dx=—=|u 2du
1 1 1
=——u2+C= —Z(l—4x2)2 +C

Definite Integral by Substitution

If g'(X) is continuous on [@, 0] and if f is continuous on the range of U = g(X),
then

J. f(@eng ax=["" fw)du |
= F(u)’) = F(g(b))- F(g(a))

where F is an antiderivative of f. (Note that an alternative solution is provided to the
example below for illustration of this formula.)

Computing a Definite Integral by Substitution

Step 1. Solve the integral as an indefinite integral.
Step 2. Use the result of the indefinite integral, and evaluate it over the interval of
integration.
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Alternatively, change the limits of integration when converting the integral to the new
variable U (see example below).

o 2X
Example. Integrate.[ —“dX.
1(2+X°)

Solution. Step 1.

Let U= 2+ X2. Then, du = 2xdXx.

j(zf);z)s dx = IZX(2+ x2) 2 dx = J'u—s du

NS Yo —1(2+ x°)?+C
2 2
Step 2.

0

0o 2X 1
dx=—-=(2+x*)"
J.—1(2+x2)3 2( )

= {—%(2 +(0)°)~ } - {—%(2 + (—1)2)2}

1 1 11} 3)
72

= E[_(Z)_Z + (3)_2:| = §|:—Z + 5

Alternative solution.

Let U= 2+ X2. Then, du = 2xdXx.

@t:reative
commons



o 2X O N34y [2,-3
J—1(2+x2)3 dx_j_12x(2+x) dx_Lu du
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