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Improper Integrals

Type I. Infinite Intervals
0 . t

@ it T is continuous on [a,50), then [ ~f(x)dx =lim[ f(x)dx.
a towda

(b) If f is continuous on (—oo, @], then J-_a f(x)dx = tlim ta f(x)dx.

(c) If f is continuous on (—oo oo) then break up the integral at a convenient

o a

value of &, i.e., write J. f(x)dx = j f(x)dx +J. f (x)dx, and then use

(a) and (b).
Type Il. Discontinuous Functions

@) If f is continuous on [a, b) and discontinuous at b, then

jbf(x)dx:lirp “f(x)dx.
a tob Ja

(b) If f is continuous on (a,b] and discontinuous at &, then

jb F(x)dx =tllrmtb F(x)dx.

(c) If f is continuous on [a, b], except at a number C in (a, b), then break up
b

the integral at C, i.e., write I f (X) dx = I f(X) dx —i—I f(X) dx, and then

a

use (a) and (b).
The improper integral is said to:

e CONVERGE if the limit in (a) and (b) exists, or if both limits in (c) exist
e DIVERGE if the limit in (a) or (b) does not exist, or if at least one of the limits in
(c) does not exist
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Remember: The improper integraIJ- —de,where P is a real number
1 X

converges when P > 1, and diverges when p <1.

Example. Determine whether the following integrals converge or diverge.

(® OO o0 l
@ | e>*dx (b) LD 2 +1dx

(©) 'lelnxdx

Solution. @)

J. e¥* dx = lim e3X dx = I|m

t—ow t—ow

(&™) (eﬁ\}

=55

Thus, , e¥* dx diverges.

(b)

J.OO L dx:J._O L dx+ [ L dx

-0 x% +1 »x% +1 0 x2+1

dx

=lim| ——dx+Ilim| —
to>—odt X< +1 s> d0 X+ 1

= lim (arctan(x)) \ + ||m(arctan(X)|)

t—>—0

= lim (arctan(0) — arctan(t))+llm(arctan(s) arctan(0))

:E0+§j+(§—oj:
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o ]
Thus, I dX converges.
=X +1

Note that arctan(x) tends to 72'/2 as X approaches +00 and to

—71/2 as X approaches —o0.
(c) Compute the indefinite integral using integration by parts where

U= Inxand dv = xdx.

2] (x*)(1
jxlnxdx:x 2nx_ LX_J(_de

2 J\X
_lenx_ljxdx_lenx_x_2 c
22 2 4

Now, solve the improper integral.

1 . 1
joxlnxdx: lim| xInxdx

t—0" Jt
C(nx X2
= lim -—
t—0* 2 4
_lim (1)2In(1)_(1)2]_[tzlnt_ﬁj
S0t 2 4 2 4

(o-2)-0-0--2

1
Thus, Jo X In X dX converges.

Note that, applying L'HOpital’s Rule to solve the limit,
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. Int IntH + +
limt2Int = lim— = lim— =lim—t— = lim-L
t—>o*t ¢ t>0t 1 50" t2 50" —2t°  to0" —2
t2 3

-tim({)( ) =tm( ) -0
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